Abstract-We present a numerical study of the effects of carrier diffusion and spatial hole-burning in vertical-cavity surfaceemitting lasers under gain switching. Our model includes spatial and temporal dependences of both the optical field and the carrier density. Results show that spatial hole burning places a limit on the minimum achievable pulse width. We demonstrate that spatial hole-burning can be avoided and shorter pulses can be obtained by using an appropriate pumping geometry. We also consider the case in which the laser operates simultaneously in two transverse modes and show that transverse-mode competition induced by spatial hole burning leads to period doubling and other interesting nonlinear behavior.
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I. INTRODUCTION
V ERTICAL-CAVITY surface-emitting lasers (VCSEL's) have been studied extensively in the past few years because of several useful characteristics such as a low threshold current, single-longitudinal-mode operation, circular output beam, and wafer-scale integrability [1] , [2] . Since VCSEL's are attractive as compact light sources for applications in optical communications and interconnects, it is important to have a thorough understanding of the high-speed modulation characteristics of these devices. Indeed, dynamic characteristics of VCSEL's have been extensively studied [3] - [12] , and data transmission at bit rates as high as 10 Gb/s has been demonstrated [4] . One important application of highspeed modulation is the generation of short optical pulses of picosecond durations through gain-switching [7] - [10] . Pulse widths below 20 ps with a very low timing jitter ( 100 fs) have been reported [8] . The issue of pulsewidth optimization has been studied theoretically without consideration of spatial effects [10] . Since VCSEL's have relatively large transverse dimensions, spatial effects such as spatial hole burning (SHB) are expected to play an important role, especially because VCSEL's often operate in several transverse modes at high injection currents [6] . It has been shown that VCSEL's exhibit dynamic and static characteristics significantly different from those of edge-emitting lasers because of spatial effects [11] , [12] . Thus, a realistic study of gain-switched operation should Manuscript received August 26, 1996; revised November 11, 1996 . This work was supported in part by the U.S. Army Research Office and by the National Science Foundation under Grant PHY94-15583.
The authors are with the Institute of Optics and Rochester Theory Center, University of Rochester, Rochester, NY 14627 USA.
Publisher Item Identifier S 0018-9197(97)01571-6. take into account both the temporal and spatial variations of the carrier density.
In this paper, we present the results obtained from a numerical model capable of predicting the large-signal response of VCSEL's under high-speed modulation while including all transverse effects such as carrier diffusion and SHB. This model, described in Section II, includes the spatial dependence of both the optical field and the carrier density under various modulation conditions. It is used in Section III to calculate the output pulsewidth, frequency shift, and peak power of output pulses under various modulation conditions. Section IV considers the case of a single transverse mode and shows how the pulse width can be minimized by optimizing the size of the disc-shaped contact. Section V is devoted to the study of transverse mode competition induced by SHB.
II. COMPUTER MODEL AND PARAMETERS
The formalism presented below applies to an index-guided structure with a cylindrical (disc-shaped) geometry. The radius of the device corresponds to the radius of the active region, which is taken to be 10 m. The radius of the circular region over which the laser mode is guided through a built-in index step is 4 m. A ring or disc contact supplies current to the active region. Both the shape and dimension of the metallic contact through which the current is injected are adjustable through two parameters in our computer model. Dynamic response is studied by numerically integrating the carrier and field equations. Assuming that the VCSEL can operate in several transverse modes simultaneously, the electric field is expressed as (1) where is the total number of transverse modes under consideration, is the spatial distribution of the th mode, and and are the amplitude, the propagation constant, and the frequency of that mode. The polarization unit vector is allowed to be different for different modes. By substituting (1) into the Maxwell equations, the wave equation can be separated into spatial and temporal parts for each mode. The spatial part of the mode is obtained by solving the eigenvalue equation (2) 0018-9197/97$10.00 © 1997 IEEE where is the transverse Laplacian, and is the dielectric constant of the VCSEL structure considered; is assumed to be constant in the direction. If is also independent, the solutions of of (2) correspond to the linearly polarized modes, which are well known in the context of optical fibers [13] . Consistent with the index-guided nature of the structure, the spatial distribution of each guided mode, , is assumed to be independent of time. Since carrier-induced changes in the refractive index are typically two orders of magnitude smaller than the built-in refractive index difference (about 0.1) responsible for index guiding, waveguiding properties of an index-guided VCSEL are not significantly affected by temporal changes in the carrier density. This assumption greatly reduces the amount of computation required, but spatial effects are still taken into account through gain saturation.
The evolution of mode amplitude is governed by [15] 
where is the linewidth enhancement factor, and and are the gain and cavity loss for the th mode. The carrier density, , is obtained by solving [11] (4)
The first term on the right side corresponds to carrier diffusion, the second term to current injection, the third term to nonradiative carrier recombination, the fourth term to spontaneous recombination, and the last term to stimulated emission. is the carrier lifetime due to nonradiative recombination, is the diffusion coefficient, is the spontaneous recombination coefficient, and is the injection current density. Equation (4) is written in cylindrical coordinates with representing the transverse Laplacian. The effects of spontaneous emission can be included by adding a Langevin-noise source term [15] to the right side of (3). Its inclusion is essential for studying noise-related effects such as pulse-to-pulse jitter. Since we are interested only in the average characteristics of gain-switched pulses, we ignore spontaneous emission in this study.
The local gain is assumed to be linearly proportional to the carrier density. The gain for each mode in (3) is given by the spatial average of local gains weighed by the spatial distribution of that mode: (5) where the angle brackets denote average over the active volume, and (6) Here, is the local carrier density, is the gain cross section, is the carrier density at transparency, is the group velocity, and is the nonlinear-gain parameter. For gain-switching, the injected current density in (4) is taken to be of the form if otherwise (7) where is the bias current density, is the modulation current density, is the modulation frequency, and and are the radii of the ring contact over which the current is injected. For a disc contact, and varies in the range 0.5-4 m. Relevant device parameters used for numerical simulations are displayed in Table I .
Two approximations made above require justification. First, it has been shown that for a quantum-well active region, the gain is better approximated by a logarithmic than a linear function of the carrier density [16] . We adopt the linear-gain approximation since its use makes possible the implementation of a fast numerical algorithm based on the tridiagonalization of a matrix representing the carrier equation (discussed below). To justify its use, the current bias for the laser is chosen close to the threshold so that the total carrier density is expected to remain nearly constant. Second, by setting the injection current to zero outside the contact area, our model neglects current spreading effects. Such effects must be included for a realistic comparison of the numerical results with the experiments. However, the results presented here are not expected to change qualitatively when current spreading is included.
The carrier and field equations [ (3) and (4)] are integrated numerically using a finite-difference method in both the temporal and spatial domains. The temporal domain is discretized into uniform steps each of 0.1 ps. To ensure that the transients have died out, gain-switched pulse characteristics are obtained after integrating the rate equations over a temporal window of 8 ns, which is much larger than the damping time of relaxation oscillations. The initial conditions can be chosen quite arbitrarily (within reason). In our simulations, for fast convergence to the steady-state pulse-train solution, the initial values of the field and carrier density correspond to the CW operation of the laser when pumped two times above threshold. The carrier equation requires an implicit solution in the radial direction due to coupling introduced by the diffusion term. To solve for at any given point in time, the spatial domain is divided evenly into 100 steps. Our radial mesh runs from to , where 0.1 m is the spatial resolution, and 10 m is the radius of the device. The point 0 is excluded because of the singularity associated with the Laplacian term. The boundary conditions and are used. Since the diffusion term involves a second-order derivative of , each is coupled only to its nearest neighbors and . Therefore, provided that the gain is a linear function of , the carrier equation can be put into a tridiagonal matrix form, which can be easily inverted to obtain a solution for . In spite of the matrix inversion involved, the computer code is reasonably fast. A typical run takes less than 5 min on a Sparc 5 workstation.
III. EFFECT OF MODULATION CURRENT AND FREQUENCY
We study the effects of modulation frequency and modulation current on characteristics of gain-switched pulses by using the following procedure. First, the threshold current density is found by simulating CW operation for a total duration of 5 ns at various current levels. The current is increased through steps of 0.1 mA and simulations are repeated until the output power first exceeds 1 W, which is defined as the threshold condition. Since spontaneous noise has not been included in our study, the definition of threshold power is somewhat arbitrary. Obviously, the threshold current depends on the contact geometry as well as the diffusion constant.
Output pulse trains were obtained by setting 0.95 and 2.5 GHz in (7) for several values of modulation indexes . We consider the range of values of the modulation index for which the device produces stable, regular gain-switched pulses at the modulation frequency. For small values of the modulation index, the device cannot respond fast enough, and the output power oscillates at a subharmonic of the modulation frequency [17] . By contrast, for large values of the modulation index, multiple relaxationoscillation peaks are excited by a single current pulse. An estimate of the maximum modulation frequency at a given modulation current is provided by the relaxation-oscillation frequency. For an effective carrier lifetime of 3 ns and photon lifetime of 2.5 ps, the relaxation-oscillation frequency is calculated to be 2.5 GHz near three times above threshold under CW operation. For 0.95, an time-averaged current of three times above threshold corresponds to a modulation index of 5. Indeed, numerical simulations show that the range of values 7 11 correspond to stable operation at the modulation frequency.
The shapes and widths of gain-switched pulses are shown in Fig. 1(a) for modulation indexes 8-11 at a modulation frequency of 2.5 GHz and a bias of 0.95. The current pulse shape is also shown for comparison by a dashed line. The bias level is fixed at 0.95 in all cases, since it has been observed experimentally Table I. that the optimum bias point occurs slightly below threshold [14] . As increases, carrier density builds up faster. As a result, the output pulse shortens, and the delay between the current pulse and the output pulse decreases. Eventually, the delay becomes so short that a second relaxation-oscillation peak appears, as seen in Fig. 1(a) for 11. There exists an optimum value of at which the pulse width is minimum. For the parameters used in Fig. 1(a) , the minimum pulse width of about 6 ps occurs for 10. Fig. 1(b) shows the frequency shift as a function of time corresponding to the pulse shapes of Fig. 1(a) , where is the optical phase. This frequency shift results from -induced index changes which follow gain variations. Therefore, as the pulse width decreases and the peak power increases at higher values of , the frequency shift is expected to increase, since high peak powers and small pulse widths are associated with a higher rate of change of photon density. The most noteworthy feature of Fig. 1(b) is a large and sudden change ( 230 GHz) in the carrier frequency occurring near the pulse peak. The magnitude of the jump increases with the modulation index. It is this feature that broadens the pulse spectrum considerably compared with that of a transform-limited pulse (about 70 GHz for a pulse with duration of 6 ps).
Output pulse characteristics for 2-4 GHz are shown in Table II . The optimal modulation index is observed to increase with modulation frequency, as shown in Table II . This behavior can be understood by noting that the bandwidth of a VCSEL is limited by the relaxation-oscillation frequency, which increases with an increase in average input power. Therefore, higher modulation currents are required at higher modulation frequencies. It is also found that as the modulation frequency increases, the minimum pulse width decreases, and therefore the maximum frequency shift also increases. The maximum frequency shift is defined as the difference between the maximum and minimum shifts.
For the rest of this paper, we fix the modulation frequency at 2.5 GHz since this value is consistent with the OC-48 level of the SONET and STS-16 level of the SDH. We examine the effects of carrier diffusion, pumping geometry, and multipletransverse-mode operation. SHB is included in all numerical simulations since it is found to affect the gain-switching dynamics considerably.
IV. SINGLE-MODE OPERATION
We first consider the case in which the VCSEL operates in a single transverse mode throughout the gain-switching process. In practice, this behavior can be realized by using a disc contact of 2-3-m radius such that current is injected only over a small central part of the VCSEL top area. The mode is then preferentially excited.
A. Disc Contact
The effect of carrier diffusion is studied by comparing the results obtained by using diffusion constants of 30 cm s and 1 cm s , respectively. A disc contact of 2-m radius is used. The injected current follows (7) with 0, 2 m, 0.95 and 2.5 GHz. The changes in the pulsewidth and the frequency shift with modulation index are plotted in Fig. 2 . Results are shown for the range of modulation indexes which corresponds to the regime of stable, regular output pulse trains (one pulse per modulation cycle), as discussed in the previous section. It is found that the main effect of diffusion is to shift the optimal modulation index to lower values. In fact, for a given value of , shorter pulses are obtained when carrier diffusion is taken into account. In short, diffusion facilitates pulsing operation.
To understand the physical origin of this somewhat surprising result, the carrier-density profiles at the peaks of the gain-switched pulses are plotted in Fig. 3 for 1 (dashed) and 30 cm s (solid). No spatial hole is observed for 30 cm s , whereas a deep spatial hole appears when carrier diffusion is negligible 1 cm s . This feature suggests that the well-known phenomenon of SHB affects the gainswitching dynamics. The deep spatial hole for the case of 1 cm s reduces the overlap between the fundamental mode and the carrier profile. Consequently, the mode sees effectively less gain at a given modulation index for 1 than for 30 cm s . This feature explains the shift to higher modulation indexes in the former relative to the latter case. It also illustrates that spatial and temporal effects are coupled in VCSEL's through gain saturation, and this spatio-temporal coupling plays an important role in VCSEL dynamics.
Because of the importance of carrier diffusion, the size of the disc contact is likely to be important. Devices with disc-contact radii ranging from 0.5 to 3.5 m were simulated to answer this question. In all cases, the modulation index is optimized to produce the shortest pulse. The minimum attainable pulsewidth and the corresponding frequency shift are plotted in Fig. 4 as a function of the disc-contact radius. A shallow minimum occurs for contact radius in the range Fig. 4 . Variation of pulsewidth (solid) and frequency shift (dashed) with disc-contact radius. In all cases, the modulation current is optimized to produce the shortest pulse. 1-2 m. The optimum range of the contact radius is likely to depend on the size of the index-guiding region, which controls the mode diameter.
To understand the origin of the pulsewidth minimum seen in Fig. 4 , the carrier-density profiles at the peak of the gainswitched pulse are calculated and plotted in Fig. 5 for contact radii 0.5-3.5 m. The results show that the size of the spatial hole burnt in the carrier-density distribution through gain saturation can be controlled by the size of the disc contact. Indeed, there is no spatial hole for contact radii 1-2 m, the range that corresponds to the regime of minimum pulse widths in Fig. 4 . The spatial distribution of the mode is illustrated by the dashed line in Fig. 5 . Clearly, the spatial overlap between the mode and the carrier-density profiles is maximized for a contact radius of about 1 m. Consequently, carriers are utilized most efficiently, and gainswitching produces the shortest pulse. Although there is no spatial hole for 1 m, the pulsewidth increases because of a reduction in overlap.
To conclude, the above results suggest that by reducing the disc-contact area, the effect of SHB is reduced. Further, by maximizing the overlap between the mode and carrierdensity profiles, the shortest possible pulses are obtained from VCSEL's.
B. Ring Contact
A ring contact is often used in practice to facilitate the emission of laser output from the top mirror. However, its use excites higher order modes which saturate the gain differently, resulting in a different spatial profile for the carrier density. This section discusses how gain-switching dynamics is affected by the use of a ring contact.
A ring contact of an inner radius of 2 m and an outer radius of 4 m is used in numerical calculations. Such a contact preferentially excites the first-order transverse mode. The modulation index is optimized to give the shortest pulse in both cases. Table III compares the pulse characteristics such as the minimum width, the corresponding peak power, and frequency shift for the two cases of disc and ring contacts, which correspond to the excitation of and modes, respectively. The main feature is that the minimum pulse width is larger by about 50% when the mode is the dominant VCSEL mode.
The two transverse modes show significantly different gainswitched output characteristics. This is due to a combination of spatial effects introduced through different pumping geometries (contact areas) and different spatial distributions of the two modes. To understand the difference, the carrier-density and mode-intensity profiles are plotted in Fig. 6 for each of the two cases. The optimal modulation index is used in each case. Clearly, the mode has a much better overlap with the carrier-density profile than the mode. This results in gain-switched pulses with a much shorter pulsewidth.
V. MULTI-MODE OPERATION
Since VCSEL's can operate in several transverse modes simultaneously when a wide disc-shaped contact is used, it is interesting to study how the dynamics of gain-switching is affected by mode competition induced by SHB. We investigate gain-switching under the two-mode operation at a modulation frequency of 2.5 GHz. The pump current is supplied through a disc contact of radius 4 m, which is equal to the radius of the index-step region. The two transverse modes excited are and . Results using a disc contact of radius 2 m will also be presented for comparison.
Consider first the case of 2-m-radius disc contact so that the VCSEL operates in a single transverse mode . Fig. 7 shows the gain-switched pulse trains obtained for 10, 12, and 15. A regular periodic pulse train is observed for of up to 10, beyond which a transition to period doubling occurs. The trace for 12 shows this transition clearly. Interestingly enough, the period-one state is restored for 14 although the pulses have a two-peak structure. No transition to chaos is observed.
The dynamical behavior becomes much more interesting when a 4-m-wide disc contact is used so that the VCSEL operates in the and transverse modes simultaneously. Fig. 8 shows the gain-switched pulse trains under identical conditions of Fig. 7 except for a wider 4-m contact. Solid and dotted traces correspond to the and modes, respectively. At different values of , various kinds of nonlinear behaviors are possible, such as periodtwo oscillations ( 15) , and "chaotic" behavior ( 10 and 12). Although regimes of chaos are found, no clear route to chaos could be identified. However, the two modes exhibit mode competition at all values of modulation currents. The mode peaks only when the mode has little power, which is an evidence of strong mode competition. This behavior is sometimes referred to as the antiphase dynamics. Significant SHB in the region where the two transverse modes overlap leads to strong mode competition. Indeed, transverse mode competition has been observed experimentally under pulsed operation [7] , and chaos has been observed experimentally in VCSEL's operating in two transverse modes under dc excitation [18] . We have also studied the impact of nonlinear gain on gain switching by varying in the range 0-2 10 cm . Although the single-mode results shown in Figs. 1-6 remain qualitatively the same, the pulse trains shown in Figs. 7 and 8 change considerably with . In particular, the period-doubling behavior disappears when exceeds a critical value of 0.1 10 cm [19] .
VI. CONCLUSION
We have studied spatial effects in gain-switched VCSEL's using a computer model which incorporates spatial dependences of both the optical field and the carrier density. The effects investigated include modulation current, modulation frequency, carrier diffusion, pumping geometry, and multimode operation.
It is found that output pulse characteristics depend critically on modulation conditions. In particular, there exists an optimal modulation index where the pulse width is minimum. Typical pulse widths are about 6 ps for the device parameters shown in Table I . The optimal modulation condition is found to be affected by the modulation frequency and pumping geometry.
The disc-contact area is shown to have a significant effect on gain-switching characteristics. Spatial holes in the carrier profile are responsible for the deterioration of device performance. With a disc-contact radius of smaller than 2 m, spatial holes are eliminated. However, we find that the shortest pulses are obtained for disc-contact radii of 1-2 m, the range that corresponds to maximum overlap between the spatial distributions of the lasing mode and the carrier density. It is also found that the process of diffusion effectively increases the optimal modulation index. Since diffusion smoothes out spatial inhomogeneities in the carrier profile, it improves the spatial overlap between the mode and carrier-density profiles at a given modulation index, which results in more efficient utilization of carriers.
Pumping geometry also plays a critical role. It is shown that a ring contact excites a higher order transverse mode, which produces different gain-switched characteristics simply because the spatial overlap between the mode and carrier density profile is altered. For the case of a disc contact of 4 m, two-mode operation results. Anticorrelated periodic oscillations are observed for all values of investigated. Mode competition induced through SHB leads to quite interesting nonlinear dynamics. This behavior is a consequence of spatio-temporal coupling.
